Abstract. In this paper, the investigation on the algebraic structure of the ring
Introduction
Codes over finite commutative chain rings have been extensively studied. In the last years, some special rings which are non-chain rings are used as alphabet for codes. Recently, using a (non-commutative) skew polynomial ring, which is a particular case of well-known Öre polynomial rings, D. Boucher et al. developed some classes of linear codes called skew-constacyclic codes [8, 9, 10, 11] . In analogous to classical constacyclic codes, skew constacyclic codes over a finite commutative ring have rich algebraic structures and can be seen as left-submodules of a certain class of module. These codes have received much attention in recent years [13, 20, 23] and have been studied for various automorphisms over some non-chain rings [16, 17, 21, 25] .
In [1, 2] [22] , studied skew cyclic codes over F p s [v] / v m − v , where p is a prime and m − 1 divides p − 1. The motivation for studying this ring is lying under the facts that first this ring is as a natural generalization of codes over the ring F p [v]/ v p −v . Second important fact regarding this ring is that a linear Gray map is defined and hence codes over fields are obtained. To the best of our knowledge, the study of skew constacyclic codes over F q [v] / v q − v has not been considered by any coding scientist. Our objection is to characterize self-dual skew-constacyclic codes over F q [v] / v q − v . This paper is organized as follows. In Section 2, we first give some properties about the ring F q [v]/ v q − v and describe its ring-automorphism group. In Section 3, we explore linear codes over F q [v] / v q − v using a linear Gray map and we show that the Grayimage of any skew constacyclic code of length n over F q [v] / v q − v under this linear Gray map is a skew multi-twisted code of length qn over F q . In Section 4, we determine the structure of skew-constacyclic codes and characterize self-dual skew-constacyclic codes over F q [v] / v q − v . We also give necessary and sufficient conditions for the existence of self-dual skew cyclic and self-dual skew negacyclic codes over
2. Ring-automorphism group of
Throughout this paper, F q is a finite field with q elements and β is a generator of multiplicative group F q \{0}. Write F q := {α 0 , α 1 , · · · , α q−1 } where α 0 = 0, α i = β i for all 0 ≤ i ≤ q−1. We denote the ring F q [v]/ v q −v by R q and U(R q ) its unit group. Obviously, F q is a subring of the ring R q , and R q is a vector space over F q with basis {1, v,
and any element r in R q can be uniquely written as: r = r 0 + r 1 v + · · · + r q v q−1 with r i ∈ F q , for all 0 ≤ i ≤ q − 1. Moreover, the ring R q is a non-chain principal ideal ring with maximal ideals
). An element η of R q is called idempotent if η 2 = η; two idempotents η 1 , η 2 are said to be orthogonal if η 1 η 2 = 0. An idempotent of R q is said to be primitive if it is non-zero and it can not be written as sum of non-zero orthogonal idempotents. A set {η 0 , η 1 , · · · , η q−1 } of idempotents of R q is complete if
It is easy to see that any complete set of idempotents in R q is a basis of F q -vector space. Therefore, any element r of R q can be represented as: r = r 0 η 0 + r 1 η 1 + · · · + r q−1 η q−1 [22] . For i = 0, 1, · · · , q − 1, we consider the map
which is a ring-epimorphism. We denote by * the componentwise multiplication (or Schur product) and by + the componentwise addition on (F q ) q , i.e. for x := (x 0 , x 1 , · · · , x q−1 ), y := (y 0 , y 1 , · · · , y q−1 ) ∈ (F q ) q , we put
By the remainder Chinese theorem, the following map
is a ring-isomorphism, where 1 := (1, 1, · · · , 1) and 0 := (0, 0, · · · , 0). It is easy to see that the ring R q is a principal ideal ring whose 2 q ideals are I A := i∈A η i where A is a subset of {0; 1; · · · ; q − 1}. For any a ∈ R q , we set Supp(a) := {i ∈ {0; 1; · · · ; q − 1} : φ i (a) 0}; then a = I Supp(a) and | a | = q |Supp(a)| . Moreover, the group of units of R q is described as follows:
and so |U(R q )| = (q − 1) q . For instance, the ring R 3 has 8 units given by: 1, 2, 1
Lemma 1. The ring R q admits a unique complete set {η 0 , η 1 , · · · , η q−1 } of primitive pairwise orthogonal idempotents.
Proof. The only complete set of primitive pairwise orthogonal idempotents in the ring (F q ) q ; +, * ; 1, 0 is {e 0 , e 1 , · · · , e q−1 } where e 0 := (1, 0, · · · , 0); e 1 := (0, 1, 0, · · · , 0); e 2 := (0, 0, 1, 0, · · · , 0); · · · ; e q−1 := (0, 0, · · · , 0, 1). From the ring-isomorphism (2.2), the set {η 0 , η 1 , · · · , η q−1 } is also the complete set of primitive pairwise orthogonal idempotents in the ring R q , where φ(η i ) = e i , for all 0 ≤ i ≤ q − 1. Theorem 1. Let θ be a ring-automorphism of F q and σ is a permutation of {0, 1, · · · , q−1}. Then the map
is a ring-automorphism group of R q . Moreover
where S q is the group of permutations of {0, 1, · · · , q − 1}, and
where q = p r with p a prime number.
Proof. First, for all θ ∈ Aut(F q ) and σ ∈ S q , it is obvious to check that Θ θ,σ is a ringautomorphism of R q . Therefore Θ θ,σ : θ ∈ Aut(F q ), σ ∈ S q ⊆ Aut(R q ). Inversely, if Θ ∈ Aut(R q ) then it is clear that the restriction of Θ over F q is a ring-automorphism θ of F q .
Thus for any a :=
is another complete set of primitive pairwise orthogonal idempotents in R q . From Lemma 1, it follows that there is a permutation σ of {0, 1,
Example 1. The ring-automorphism group of R 2 and R 4 :
(1) The idempotents in R 2 are η 0 := v and η 1 := v + 1. Since S 2 := {id, σ := (01)} and Aut(F 2 ) = {Id}, out of the identity map, the only ring-automorphism over R 2 is given by:
The automorphism Θ Id,σ is used in [1] to study skew Θ Id,σ -cyclic codes over R 2 .
(2) The complete set of primitive pairwise orthogonal idempotents of R 4 is given by:
A ring-automorphism over R 4 is given by:
for all θ ∈ Aut(F 4 ) and σ ∈ S 4 . Thus there exist exactly 48 automorphisms over R 4 .
Linear Gray map and linear codes over R q
The ring-morphism φ i : R q → F q defined in (2.1) is naturally extended to (R q ) n as follows:
which is an epimorphism of vector spaces over F q . We define a linear Gray map over R q to be
n q is an isomorphism of vector spaces over F q .
Definition 1. The Gray weight of any element a in (R q ) n is defined as:
, where W H denotes the Hamming weight over F q . The Gray distance between two elements
It is obvious that the linear Gray map Φ is a weight preserving map from
A code C of length n over R q is a nonempty subset of (R q ) n . If in addition the code is a submodule of R n q , it is called linear code. The Euclidean inner product between two elements a = (a 0 , a 1 , · · · , a n−1 ), and
The Euclidean dual code (shortly dual code) of a code C of length n over R q is defined as:
Recall that Euclidean dual of linear code of length n over R q is a linear code of length n over R q .
Example 2. The linear codes of length 1 over R q are ideals I A of R q , where A is a subset of {0; 1; · · · ; q − 1}. Thus for all a ∈ R q , W G (a) = |A| and a ⊥ = i∈A η i where A := Supp(a)
and A := {i ∈ {0; 1; · · · ; q − 1} : i A} . Therefore I A is a linear code of length 1 over R q with Gray weight |A| and
Proposition 3.1. Let C be a linear code of length n over R q .
⊥ denotes the ordinary dual of Φ(C) as a linear code over F q . Moreover, C is a self-dual code of length n over R q if and only if Φ(C) is a self-dual code of length qn over F q .
Proof. For all a and b in (R q ) n , we have
where Φ(a) · Φ(b) denotes the usual standard inner product in (F q ) n q . An immediate consequence is the inclusion:
Combining this with the fact that in Frobenius rings,
⊥ . Finally, since Φ is an isomorphism of vector spaces over F q , the equivalence is an immediate consequence of the equality Φ(
Let C be a linear code of length n over R q and a = (a 0 , a 1 , · · · , a n−1 ) ∈ C.
η i a i , where a i := Φ i (a). We let
for 0 ≤ i ≤ q − 1. For this, it is straightforward to see that C 0 , C 1 , · · · , C q−1 are linear codes of length n over F q and
. Moreover, C is a self-dual code of length n over R q if and only if C i is a self-dual code of length n over F q for all 0 ≤ i ≤ q − 1.
Since R q is a principal ideal ring, consequently R q is a Frobenius ring, then from [24] , we have
be a linear code of length n over R q . Then from obtained results in [15] , it follows that rank R q (C) = max{dim F q (C i ) : 0 ≤ i ≤ q − 1}, Φ(C) is a linear code of length qn over F q and Φ(C) = C 0 × C 1 × · · · × C q−1 with C i be a linear code of length n over F q . In [15] , the codewords c 1 , · · · , c k form a basis of C, if they are independent, modular independent and generate C. We well-know that the rows of a generator matrix for C form a basis of C. The following result is a direct consequence from the above discussion. Theorem 2. Let C = η 0 C 0 ⊕ η 1 C 1 ⊕ · · · ⊕ η q−1 C q−1 be a linear code over R q of rank k, and G i is a generator matrix of linear code C i over F q of dimension k i , for 0 ≤ i ≤ q − 1. Then a generator matrix G for C is given by:
with O (k−k i )×n is the (k − k i ) × n-matrix whose entries are zeros, and a generator matrix for Φ(C) is given by:
Corollary 1. Let C be a linear code of length n over R q such that
where
Example 3. Consider the ring
is the finite field with four elements such that α 2 + α + 1 = 0. The complete set of primitive pairwise orthogonal idempotents of R 4 is given by:
We let 
code of length 6 over R 4 ; where C 0 , C 1 , C 2 are self dual [6, 3, 3] -codes of length 6 over F 4 with generator matrix G 1 , G 1 , G 2 respectively. The code C 3 generated by G 3 is a selfdual [6, 3, 2]-code over F 4 [19] . From Proposition 3.2, C is a self-dual code of length 6 over R 4 . From Proposition 3.1, Theorem 2 and Corollary 1, the code Φ(C) is a self-dual
Skew-constacyclic codes over R q
Let Θ be a ring-automorphism of R q such that Θ = Θ θ,σ where θ ∈ Aut(F q ), σ ∈ S q . The θ-skew polynomial ring over F q , denoted F q [x; θ], is right Euclidean domain [18] . The least common left multiple (lclm) of nonzero f 1 and f 2 , in F q [x; θ], denoted lclm( f 1 , f 2 ), is the unique monic polynomial h ∈ F q [x; θ] of lowest degree such that there exist u 1 , u 2 ∈ F q [x; θ] with h = u 1 f 1 and h = u 2 f 2 . The skew polynomial ring R q [x, Θ] is the set R q [x] of formal polynomials over R q , where the addition is defined as the usual addition of polynomials and the multiplication is defined using the rule xa = Θ(a)x, which is extended to all elements of R q [x, Θ] by associativity and distributivity. An element in R q [x, Θ] is called a skew polynomial.
Let λ be a unit of R q . For a given automorphism Θ of R q , we define the Θ-λ-constacyclic shift T Θ,λ on R n q by:
T Θ,λ ((a 0 , a 1 , · · · , a n−1 )) = (λΘ(a n−1 ), Θ(a 0 ), · · · , Θ(a n−2 )). A linear code C of length n over R q is said to be skew-Θ-λ-constacyclic, if T Θ,λ (C) = C. Similarly to classical constacyclic codes over finite rings, skew-Θ-λ-constacyclic codes of length n over R q are identified with the left R q [x, Θ]-submodule of R q [x, Θ]/ x n − λ by the identification: ϕ : (a 0 , a 1 , · · · , a n−1 ) −→ a 0 + a 1 x + · · · + a n−1 x n−1 .
Indeed, it is straightforward to see that the set
n − λ and by analogous methods that have been used for skew constacyclic codes over finite fields [11] , we have the following fact.
Lemma 2. Let λ be a unit of R q , Θ an automorphism of R q and C be a linear code of length n over R q . Then C is a skew-Θ-λ-constacyclic code if and only if ϕ(C) is a left
In order to characterize skew-Θ-λ-constacyclic codes over R q , we recall some wellknown results about skew-constacyclic codes over finite fields [11, 12, 16, 23] . The skew
If a 0 0, the left monic skew reciprocal polynomial of g is g
Lemma 3. Let C be a skew-θ-λ-constacyclic code of length n over F q . Then there exists a monic polynomial g of minimal degree in C such that g(x) is a right divisor of x n − λ and C = g(x) .
Let g(x) = x m + a m−1 x m−1 + · · · + a 0 be a generator of a skew-θ-λ-constacyclic code of length n over F q . Since
; then a 0 must be a non-zero element of F q . From [11, Theorem 1], we have the following result.
Lemma 4. Let C be a skew-θ-λ-constacyclic code of length n over F q generated by a monic polynomial g of degree n − k with g(x) = x n−k +
. Then C ⊥ is a skew-θ-λ * -constacyclic code of length n over F q such that C ⊥ = h * (x) where h is a monic polynomial of degree k such that
We generalize the notion of multi-twisted codes which be defined in [3] , by introducing skew-multi-twisted codes. 
is in C.
Theorem 3. Let λ = λ 0 η 0 + λ 1 η 1 + · · · + λ q−1 η q−1 be a unit of R q and C be a linear code of length n over R q . Then C is skew Θ θ,σ -λ-constacyclic if and only if the linear code Φ(C) of length qn over F q is skew (λ 0 , λ 1 , · · · , λ q−1 )-multi-twisted w.r.t (θ, σ).
n where c j := c 0, j η 0 + c 1, j η 1 + · · · + c q−1, j η q−1 ; for all 0 ≤ j ≤ n − 1. Then for any 0 ≤ t ≤ q − 1,
Hence, C is a skew Θ-λ-constacyclic code of length n over R q if and only if T Θ,λ (C) = C, which happens if and only if Φ(T Θ,λ (C)) = Φ(C), which is equivalent to saying Φ(C) is skew (λ 0 , λ 1 , · · · , λ q−1 )-multi-twisted code w.r.t (θ, σ).
The following results are direct consequences of the above theorem:
be a linear code of length n over R q and λ = λ 0 η 0 + λ 1 η 1 + · · · + λ q−1 η q−1 be a unit of R q . Then C is a skew Θ θ,σ -λ-constacyclic code of length n over R q if and only if C i is a skew θ-λ σ(i) -constacyclic code of length n over F q , for all 0 ≤ i ≤ q − 1.
In the sequel, we only consider the automorphism Θ θ (= Θ θ,id ) defined by
where θ ∈ Aut(F q ). Now, we give a generator of a skew-constacyclic code over R q .
Then there exist polynomials
with C i = g i in
Corollary 3. Under the above assumptions; let
Then C is principally generated with C = g(x) , where g(
Proof. It is clear that g(x) ⊆ C. Reciprocally, we have η i g(x) = η i g i (x) for all 0 ≤ i ≤ q − 1, which implies that C ⊆ g(x) , whence C = g(x) . Since g i is a right divisor of
which implies that
By a similar work, and by Lemma 4 we have the corresponding result for skew-dual codes.
Lemma 5. Under the above assumptions; let C
Now we characterize self-dual skew Θ θ -λ-constacyclic codes of length n over R q .
Theorem 5. Let C be a linear code of even length n over R q and λ be a unit of R q . If C is a self-dual skew Θ θ -λ-constacyclic code of length n over R q then either C is skew Θ θ -cyclic or skew Θ θ -negacyclic.
Proof. Let C = η 0 C 0 ⊕ η 1 C 1 ⊕ · · · ⊕ η q−1 C q−1 be a skew Θ θ -λ-constacyclic code of length n over R q . It is follows from Proposition 3.2 that C is self-dual code over R q if and only if C 0 , C 1 , · · · , C q−1 are self-dual codes over F q . From Corollary 2, C is a skew Θ θ -λ-constacyclic code of length n over R q if and only if C i is a skew θ-λ i -constacyclic code of length n over F q ; for all 0 ≤ i ≤ q − 1. But the only self-dual skew θ-constacyclic codes over F q are self-dual skew θ-cyclic codes and self-dual skew θ-negacyclic codes [12, Proposition 5] . Moreover, from [7, Proposition 3] , there cannot exist both a self-dual skew θ-cyclic code and a self-dual skew θ-negacyclic code with the same dimension over F q . Then all C i are skew θ-cyclic codes or skew θ-negacyclic codes of length n. Whence C is a self-dual skew Θ θ -cyclic code or a self-dual skew Θ θ -negacyclic code of length n over R q .
The following result gives necessary and sufficient conditions for the existence of selfdual skew cyclic and self-dual skew negacyclic codes over a finite field [7, Propositions 4 and 5].
Proposition 4.1. Let F q be a finite field with characteristic p, which is an odd prime and q = p r . Let θ be an F p s -automorphism of F q , where s divides r. From Theorem 5, the previous result is extend naturally to the ring R q .
Proposition 4.2. Let F q be a finite field with characteristic p, which is an odd prime and q = p r . Let θ be an F p s -automorphism of F q , where s divides r.
(1) If q ≡ 1 mod 4, then: i) there exists a self-dual skew Θ θ -cyclic code of dimension k over R q if and only if p ≡ 3 mod 4, r is even and s · k is odd. ii) there exists a self-dual skew Θ θ -negacyclic code of dimension k over R q if and only if p ≡ 1 mod 4 or p ≡ 3 mod 4, r is even and s · k is even. i) There does not exist a self-dual skew Θ θ -cyclic code of dimension k over R q . ii) There exists a self-dual skew Θ θ -negacyclic code of dimension k over R q if and only if k ≡ 0 mod 2 µ−1 , where µ ≥ 2 is the biggest integer such that 2 µ divides p + 1.
Example 4. Let F 4 = {0, 1, α, α 2 } be a finite field with α 2 +α+1 = 0. Let θ be the Frobenius automorphism (a −→ a 2 ) over F 4 . We use the technique given in [12] to construct self-dual skew-θ-cyclic codes of length 6 over F 4 . The factorization of y 3 − 1 into irreducible monic polynomials over F 2 is given by: y 3 − 1 = (y + 1)(y 2 + y + 1), and we set f 1 (y) := y + 1 and f 2 (y) := y 2 + y + 1. We have also f ♮ 1 (y) = f 1 (y) and f ♮ 2 (y) = f 2 (y). Let G 1 := {g ∈ F 4 [x, θ] : g ♮ g = x 2 + 1} and G 2 := {g ∈ F 4 [x, θ] : g ♮ g = x 4 + x 2 + 1}. We compute G 1 and G 2 by using Gröbner basis and Magma language system [6] : G 1 := {x + 1}; G 2 := {x 2 + x + 1, x 2 + α, x 2 + α 2 }.
The polynomial g 1 = lclm(x + 1, x 2 + x + 1) = x 3 + 1 generates a [6, 3, 2]-self-dual skew θ-cyclic code and g 2 = lclm(x + 1, x 2 + α 2 ) = x 3 + αx 2 + αx + 1; g 3 = lclm(x + 1, x 2 + α) = x 3 + α 2 x 2 + α 2 x + 1 generate [6, 3, 3]-self-dual skew θ-cyclic codes over F 4 . Let η 0 = v 3 +1; η 1 = v 3 +v+1; η 2 = v 3 +αv 2 +α 2 v; η 4 = v 3 +α 2 v 2 +αv be the complete set of primitive pairwise orthogonal idempotents of R 4 . Let C = η 0 C 0 ⊕η 1 C 1 ⊕η 2 C 2 ⊕η 3 C 3 with C 0 , C 1 , C 2 , C 3 be the skew θ-cyclic codes over F 4 generated by g 1 , g 1 , g 2 , g 3 respectively. According to Corollary 3, C is a [6, 3, 2]-self-dual skew Θ θ -cyclic code over R 4 generated by g = η 0 g 1 + η 1 g 1 + η 2 g 2 + η 3 g 3 = 
Conclusion
In this work, skew constacyclic codes are investigated over the non-chain ring R q . The automorphism group of this ring is given. We defined a linear Gray map and established a connection between skew constacyclic codes of length n over R q and skew multi-twisted codes of length qn over F q . We determined generator polynomials for skew constacyclic codes over R q and for their dual codes. We also characterized self-dual skew constacyclic codes and provided necessary and sufficient conditions for the existence of self-dual skew cyclic and self-dual skew negacyclic codes over R q .
